We propose the use of an intra-cavity Mach Zehnder interferometer (MZI), for increasing the repetition rate at which carrier-envelope phase-locked pulses are generated in passively mode-locked fiber lasers. The attractive feature of the proposed scheme is that light escaping through the open output ports of the MZI can be used as a monitor signal feeding a servo loop that allows multiple pulses to co-exist in the cavity, while rigidly controlling their separation. The proposed scheme enables in principle a significant increase in the pulse-rate with no deterioration in the properties of the generated pulses. 
Introduction
The invention of carrier-envelope-phase locking (CEPL) of passively modelocked lasers a decade ago [1, 2] has revolutionized the measurement of frequencies and has important potential applications to chemical sensing [3] , time transfer [4] , time-keeping [5] , and microwave generation [6] . In the last five years, a wide variety of passively modelocked lasers have been phase-locked using CEPL [7] . CEPL works by stabilizing both the repetition rate of the laser and the carrier-envelope phase offset (pulse-to-pulse phase change) using two electronic feedback loops, so that a stabilized frequency comb that acts like a frequency ruler is produced. CEPL lasers operate in a frequency range of 100-300 THz and typical repetition rates are below 2 GHz in solid-state lasers and below 500 MHz in fiber lasers. For many applications, it would be advantageous to have a frequency spacing between comb lines that is on the order of 10 GHz or more. In particular, it has been demonstrated that the phase noise from the 10 GHz tones of the electronic signal that emerges from a photodetector can be as much as 25 dB below the best dielectric resonant RF oscillators at 100 Hz from the carrier [8] , and these tones could be produced more efficiently from a laser whose basic repetition rate was 10 GHz. However, this frequency spacing is difficult to achieve with passively modelocked lasers. The comb spacing equals the repetition rate, which is inversely proportional to the laser's length, and it is not easy to achieve sufficient gain in a cavity of this size for CEPL, although it has recently been done for a Ti:sapphire laser [9] . In an ytterbium-doped fiber laser, a repetition rate of 1.3 GHz was recently demonstrated [10] , but this laser has many bulk components, and the repetition rate of fiber lasers is typically below 500 MHz. It is possible to multiply the repetition rate of a CEPL laser by using an external Fabry-Perot cavity [11, 12] , but this approach has the drawback that it divides down the individual pulse energies.
An attractive alternative -particularly for fiber lasers -is to create a CEPL laser with multiple pulses in the laser cavity, spaced a constant time interval apart and with a constant pulse-to-pulse offset. Since the pulse energy is determined by the balance between nonlinearity and dispersion, multiplying the number of pulses does not in theory diminish the pulse energy, although it does require a proportional increase in the average power in the laser cavity and thus the pump power. Since an average power less than 10 mW is sufficient for CEPL locking of lasers [13] , while fiber lasers can support average powers in excess of 1 kW [14] and CEPL lasers with an average power of 10 W have been reported [15] , a multiplication factor of N greater than 100 is in principle available. Moreover, since the number of comb lines is divided by N, the power in each comb line is multiplied by N 2 -an attractive scaling. Multi-pulse fiber lasers are not new. Actively modelocked, multi-pulse lasers have long been available. Moreover, it has long been possible to lock the repetition rates [16] [17] [18] [19] , although these lasers are often troubled by 2π phase slips that lead to hopping between supermodes. Supermodes can be strongly suppressed in this configuration by the use of Fabry-Perot etalons, but cannot be completely eliminated [20] . Multi-pulse passively modelocked lasers are also available [21] [22] [23] . While it is possible in some parameter regimes to lock the repetition rate of these lasers by making use of the acoustic effect [23, 24] , this locking is fragile in practice, limiting the usefulness of these lasers.
Here, we describe an approach that uses an intra-cavity Mach-Zehnder interferometer (MZI) to couple neighboring pulses in a CEPL laser. While the optical portion of our scheme is similar to schemes that were introduced in actively modelocked lasers [16] [17] [18] [19] , our implementation introduces a third electronic feedback loop and a simple, intrinsic monitor signal that allows continuous control of the MZI's setting, which is imperative to maintain CEPL operation. Because the number, spacing and phase relation of the pulses is rigidly controlled in this scheme, pulse dropouts are not possible and supermodes are suppressed. We discuss the effectiveness of the proposed feedback mechanism and describe the effect of imperfectly matched MZI param- eters on the properties of the generated pulses.
The MZI enhanced laser set-up
The laser setup that we are considering is shown schematically in Fig. 1 and includes an MZI in a ring laser cavity. In this scheme, we are proposing the use of three feedback loops. The first two are conventional and control the time and phase delays in the main cavity. The third is novel in the context of CEPL lasers and controls the phase difference between the two arms of the Mach-Zehnder interferometer. It plays a role that is analogous to the Fabry-Perot etalon in some harmonically modelocked lasers [20] . In Fig. 1 , we focus on the electronic control elements, rather than the optical elements in the main cavity. CEPL has been demonstrated with fiber lasers in which the gain elements are erbium [25] and ytterbium [26] . A variety of fast saturable absorbers have been used, including nonlinear polarization rotation [25] , Sagnac loops [27] , nanotubes [28] , and semiconductor absorbers [26] . There is no reason to doubt that CEPL can used with any passively modelocked laser that produces sufficient power once the two electronic feedback loops that control the time and phase delays in the main cavity have been added. Similarly, the scheme that we are proposing should work with any CEPL laser with sufficient power, once the MZI and the third electronic feedback loop has been added. Indeed, this approach should work with Ti:sapphire lasers, just as well as with fiber lasers. However, the motivation to use this technique with Ti:sapphire lasers is lower than in the case of fiber lasers, because repetition rates as high as 10 GHz can be directly obtained [9] . The first feedback loop controls the length of the main cavity. A reference source is locked to a comb line using heterodyne detection in a photodetector (PD1). The error signal is fed into a phase-locked loop (PLL1), which then controls the delay time, typically using a fiber stretcher.
The second feedback loop controls the difference between the phase and group velocities and hence the carrier-envelope offset frequency. The output signal from the laser is amplified and its bandwidth is increased using supercontinuum generation. Second harmonic generation is then used to double the frequency of a low-frequency comb line in the 1 f -2 f generator. This signal is then compared to a comb line at a frequency that approximately equals 2 f , using heterodyne detection in a photodetector (PD2). The error signal is fed into a phase-locked loop (PLL2), which then controls the offset frequency by controlling the roundtrip phase in the main cavity. Typically phase control is realized by controlling the gain and hence the amplitude of the modelocked pulses. The third feedback loop, described in more detail in what follows, controls the phase delay in one arm of the intra-cavity MZI (MZI2) relative to the other arm (MZI1). The time delay in MZI2 is longer than the time delay in MZI1 by approximately T R /N and the phase difference between MZI2 and MZI1 is approximately θ R /N, where N is the number of pulses in the laser cavity, whereas the terms T R and θ R are the main cavity roundtrip time and phase, respectively. The signals in the two arms of the interferometer are combined, along with a null signal, in a 3 × 3 combiner, which produces a combined output at differences of 0 • , 120 • , and -120 • . The output at 0 • contains most of the input power, so that only a small fraction of the power is lost in the device. The outputs at 120 • and -120 • are differenced in an interferometer (Δ), and the output is used to create the error signal in a photodetector (PD3). This error signal will be zero when the signals in MZI1 and MZI2 are in phase, and its derivative will be maximum. This error signal is fed into a phase-locked loop (PLL3), which then controls the phase in MZI2. A fiber squeezer can be exploited for controlling the phase in MZI2, and, since the index difference between the two arms of the interferometer is small, one can obtain interferometric control over the phase difference with a macroscopic change in the fiber squeezer.
While 3 × 3 couplers and their operation are less well-known than 2 × 2 couplers, they have been demonstrated in a fused-fiber configuration in 1981 [29] and in a bulk waveguide configuration in 1994 [30] . They are available commercially [31] . We briefly summarize their key features for our application, assuming that there are no nonlinear interactions in the device. The 3 × 3 coupler consists of three identical waveguides that are brought into close proximity, so that their fields couple. The two MZI inputs go into the waveguides that we denote 1 and 3, and the null input goes into waveguide 2. The output labeled 0 • in Fig. 1 corresponds to the output of waveguide 2, and the other outputs correspond to waveguides 1 and 3. Assuming that waveguides 1 and 3 couple symmetrically to waveguide 2 -which is necessary for our application -the evolution of the mode amplitudes is given by [29] 
where A 1 , A 2 , and A 3 denote the mode amplitudes, while a and b denote the coupling coefficients. The description of the 3 × 3 coupler in the last paragraph corresponds to the completely symmetric coupler in which a = b [32] . However, this identity is not necessary for the device to work. Writing the phase offset of the two ports in the Mach-Zehnder interferometer as Δθ M and the amplitude that enters each of the ports as α, we find that the amplitudes at the output may always be written to within an arbitrary phase as
where C 1 and C 2 are complex constants that depend on a and b and on the propagation distance through the coupler. The point to note is that regardless of the values of A and B, the difference Δ = A 1 − A 3 is always proportional to sin Δθ M , so that the result is insensitive to the propagation length through the coupler and the values of a and b. In the case of a completely symmetric guide at the optimal coupling length, we obtain C 1 = α/3 and C 2 = 4α/3, so that 8/9 of the original power is delivered at the output of waveguide 2. The other 1/9 of the original power is lost by the differencing. In principle, one can further reduce the power that is lost when differencing by using configurations in which b < a. The differential time and phase delays in the MZI are denoted by T M and θ M , respectively. When the MZI parameters are set such that T R /T M and θ R /θ M are identical and exactly equal to an integer value N, then a pulse train at a repetition period of T M is an equilibrium solution for the MZI-enhanced mode-locked laser, implying that the repetition rate is larger by a factor of N than when no MZI is present. Provided that the cavity gain is enhanced in order to compensate for the increased average power and for the insertion loss of the MZI, and assuming that T M is larger than the pulse duration by at least a factor of ten, so that there is no interaction between the pulses -a condition that is easily achievable in practice -the individual pulses in the pulse train are exactly identical to the pulses that would be formed in the same laser in the absence of the MZI. The physics behind this steady-state solution is not hard to understand. Given these perfect conditions in which T R = NT M and θ R = Nθ M , the spectral comb lines of the field in the cavity coincide exactly with the transmission peaks of the MZI, so that the MZI has no effect on the individual pulse waveforms.
On the other hand, when the differential phase and time delay of the MZI are slightly offset from their optimal values, the MZI interferes with normal pulse generation such that the waveform of the generated pulses, as well as the inter-pulse delay and phase-slip are affected by its presence. If the MZI parameters are allowed to wander farther from their ideal values, the laser will eventually lose its ability to generate pulses and will switch to continuous wave operation. It is the role of the MZI servo loop to prevent this breakdown from occurring. This loop continuously controls the phase delay between the MZI arms so that it stays closely matched to the round-trip phase in the cavity. Once the laser is operating, control of the MZI phase is sufficient to ensure locking to the main cavity, and there is no need to control the time delay in the MZI. Adjustment of the differential time delay between the MZI arms must only be done during the initial laser startup. As the pulse amplitudes and central frequencies are tightly controlled by the three servo mechanisms during pulsed laser operation, variations in the time delay T M of the MZI are small and bounded, so that they can in practice be ignored. As always, the time constants characterizing all servo-loops must be much larger than those characterizing the laser dynamics.
In steady-state modelocked operation, the complex envelope of the electric field at a constant arbitrary reference point along the cavity can be written as
where T s is the repetition period of the pulse train and θ s is the phase difference between adjacent pulses. The overall round-trip delay and phase slip are therefore NT s and Nθ s , respectively. In the case of a perfectly matched MZI, when NT M = T R and Nθ M = θ R , we have T s = T M and θ s = θ M , in agreement with our earlier arguments. However, in the more general situation, the waveform a(t), as well as the values of T s and θ s depend on the offsets in the MZI time and phase parameters, which we denote by ΔT = T M − T R /N and Δθ = θ M − θ R /N, respectively. It is useful to introduce a special notation for the difference between the MZI parameters and the parameters of the equilibrium pulse-train η s = T M − T s and φ s = θ M − θ s , which vanish when the MZI is perfectly matched. Using this notation, the signals that go into the input ports of the MZI monitor Δ from the +120 and −120 output ports of the 3 × 3 combiner in Fig. 1 can be expressed in the Fourier domain as
Consequently, the optical power measured at the two monitor ports, normalized to the overall power of the lasing signal, is given by
where W = |a(t)| 2 dt is the energy of an individual pulse, and where
is the central frequency of the pulse's complex envelope. The last term in (4) is a first-order approximation, valid when the mismatch parameters φ s and η s are small. Within this same approximation, the feedback control signal is given by
where we note that in most cases of interest, the power spectrum of the generated laser pulses is symmetric, implying that ω = 0. The signal at the third port of the output coupler of the MZI, which is injected back into the laser cavity, can be expressed as
where we have expanded the exponential, assuming |φ s + η s ω| 2π, and
The factor A represents the intrinsic insertion loss of the MZI, which does not depend on the value of the controlled parameter θ M . Since this loss may be compensated by amplification in the cavity, its presence is of little importance. The factor ρ can be viewed as the effective coupling coefficient of the MZI, in the sense that the effect of our non-symmetric MZI is equivalent to that of a symmetric MZI that uses identical 2 × 2 couplers, whose coupling coefficients are equal to ρ. The last form of Eq. (7) suggests that the effect of the MZI is that of modifying the round-trip phase (the term proportional to iφ s ), time delay (the term proportional to iη s ω), chromatic dispersion (the term proportional to ω 2 ) and attenuation (the term proportional to φ 2 ). In addition, the term proportional to φ s η s ω can be shown to be responsible for a shift in the central frequency of the generated pulses.
The steady-state pulses
In order to quantify the effects of the MZI in the proposed set-up, a specific model for signal propagation in the main cavity must be assumed. A convenient choice that illustrates the main features of the MZI enhanced cavity is to assume that in the absence of the MZI the cavity is adequately represented by Haus's master equation model [33] . While this model does not quantitatively describe any particular laser [34] , it captures the key physical issues that must be taken into account, which is sufficient for our purposes. In this model, the contributions of the MZI listed after Eq. (7) can be introduced by simply modifying the master equation parameters.
The resultant complex Ginzburg-Landau equation (CGLE) is given by
with
In Eqs. (9) and (10), the parameters g and l are the per round-trip gain and loss of the main cavity, respectively, β D is the accumulated dispersion per round-trip, β g = 2g/Ω 2 g accounts for the gain bandwidth limitation (with Ω g being the bandwidth of the gain spectrum [33] , [35] ), γ K is the coefficient of Kerr nonlinearity and γ a accounts for the effect of saturable absorption. The parameters l , β g and θ R are modified by the effect of the MZI, and they reduce to their respective unperturbed values l, β g and θ R when η s = φ s = 0. Finally, the time offset Δt represents a correction to the the laser round-trip time that is induced by the presence of an imperfectly matched MZI. The central frequency of the signal described by Eq. (9) is assumed to be equal to the peak frequency of the net gain spectrum, which is modified by the frequency dependent loss of the MZI. The MZI-induced shift in the gain peak frequency, is given by
The values of φ s and of η s are obtained from imposing self-consistency conditions
which together with the relations θ s = θ M − φ s and T s = T M − η s , form a set of two algebraic equations from which φ s and η s can be extracted. When the laser is modelocked, so that Eq. (9) holds, its steady state solutions are chirped hyperbolic secant waveforms, whose parameters can be readily obtained from the coefficients in Eq. (9) [35] . Those coefficients are found from the solution of the self-consistency equations (12), while using the definitions in Eqs. (10) . This procedure greatly reduces the computational time that is needed to determine the slow response of the pulses to the combination of the noise and the feedback system. We next carried out a series of simulations to demonstrate the stability of the multi-pulse solutions. Initially, we demonstrate the accuracy of the approximation that we described in the last paragraph, in which the effect of the MZI on the steady-state solution is to change the pulse parameters, while the pulse waveform still remains a chirped hyperbolic secant. To demonstrate the accuracy of this approximation, we modeled the laser using a CGLE identical to Eq. (9), but with the intrinsic cavity parameters [33, 35] , i.e., without using the modifications due to the MZI that are given by Eq. (10). We solved the CGLE using the split-step Fourier method, and we accounted for the presence of the MZI by imposing appropriate boundary conditions on the computational solution. We also used this computational procedure in order to demonstrate that the multi-pulse laser will start up from noise and converge to a modelocked multi-pulse solution even when the laser parameters are not ideal. Subsequently, we used our approximate steady-state solution, together with a simple first-order model of the feedback system in order to demonstrate that on a longer time scale, the feedback system will drive the laser parameters toward their ideal values. In order to minimize computation time while elucidating the basic physics, we focused on the case in which there are two pulses in the laser cavity in our studies of the full CGLE. We verified that there are no changes in the basic behavior when the number of pulses is increased to ten. We chose the cavity parameters so that for the case of a perfectly matched MZI, the steady state pulses were classical solitons [35] whose waveform is proportional to sech(t/τ) with τ = 0.02 T R . We chose the dispersion and nonlinearity coefficients so that the nonlinear and dispersive lengths were both equal to 50 times the length of the cavity. The magnitude of the gain-bandwidth limitation parameter in the CGLE was set equal to −0.5 times the roundtrip dispersion coefficient, while the coefficient of saturable absorption was 0.5 times the Kerr coefficient. The average saturation power of the gain medium was taken to be half of the average steady-state power present in the cavity when the MZI matching is perfect. The round-trip loss of the cavity (not including the MZI) was taken to be 0.5 dB, and we set the coupling parameter of the MZI to be r 2 = 0.5 in all cases. Figure 2 compares the steady-state waveform obtained in the simulations with the steadystate waveforms predicted by our theory. The full simulation results are plotted using a solid line, while the steady state-waveforms predicted by the approximate theory are plotted using dashed lines. Deviations between the simulated and approximated waveforms can only be observed when the offset in the parameters is so large that the waveforms are considerably distorted. For proper operation, the actively controlled servo loops should prevent such large Optical power t / T R n = 1200 n = 300 n = 100 Fig. 3 . Buildup of stable pulses from noise. The MZI mismatch parameters are ΔT = 0.2τ and Δθ = 0.3 rad. The blue, green and red curves correspond to the waveform after 100, 300 and 1200 roundtrips, respectively. The case of n = 1200 is indistinguishable from the steady state solution. The powers are normalized to the peak power of the steady-state pulse that corresponds to a perfectly-matched MZI.
offsets at all times. In general, we found that the predictions of our approximate theory are accurate when the phase error of the MZI is smaller than ∼ 1 radian and when the timing error is smaller than half the duration of the unperturbed pulse.
In order to illustrate that the laser startup from noise produces stable pulses even when the initial parameters are not ideal, we show in Fig. 3 the evolution of the optical power generated in the cavity for the case in which the phase and time delays of the MZI are offset from perfect matching by Δθ = 0.3 radians and ΔT = 0.2τ, respectively. The generated average noise power is smaller by 40 dB than the average power of the equilibrium pulses under perfect matching conditions. As expected, continuous waves are suppressed, and the pulses grow from noise, as we show in the figure. Convergence occurs in about 1000 round trips, which corresponds to 5 μs in a laser with a round-trip repetition rate of 200 MHz. This time is fast compared to the typical response time of the servo loops. Figure 4 shows a mesh plot of the relation between the time and phase mismatch of the MZI and the amplitude of the MZI feedback parameter m θ that we introduced in Eq. (6). This curve was obtained by solution of the self-consistency conditions (12) . Although the timing mismatch ΔT has some effect on m θ , this effect is relatively small and m θ is affected primarily by the phase mismatch Δθ .
Laser control
The laser parameters that have to be controlled by the servo loops (T R , θ R and θ M ) are not identical to the error signals that are produced by the servo loops (ΔT s , Δθ s and m θ ), although they are highly correlated. While we could in principle use a linear combination of the error signals to control the laser parameters [36] , we will show that it is not necessary. The error signals ΔT s , Δθ s and m θ are so highly correlated to the offset in the laser parameters from their ideal values, ΔT R , Δθ R and Δθ M , respectively, that we may use the former to directly control the latter. While the phase-locked loops that control CEPL laser systems are in practice quite sophisticated [37] , we will use simple first-order loops, each of which has a response time of 50 μs. When simulating the response of the system to initial perturbations of the laser parameters, we use the approximate steady-state solutions whose accuracy is demonstrated in Fig. 2 , and which make the simulations computationally tractable.
To demonstrate the stability of this feedback procedure, we show an example of the response of the multi-pulse CEPL laser system to a relatively large initial perturbation of the laser parameters. We consider a laser cavity with a round-trip time T R = 5 ns, corresponding to a round-trip repetition rate of 200 MHz. We set N = 100, corresponding to a pulse separation of 50 ps, and we consider a pulse duration of τ = 200 fs. In this example, we set the initial value of ΔT R to 80 fs, which is a large fraction of the pulse duration. We set the initial values of Δθ R and Δθ M to −0.3 and 0.4 radians respectively, which are relatively large perturbations, as we pointed out previously in the context of Fig. 2 . We note that although these perturbations are relatively large, they are not so large that the approximations in Eq. (9) become invalid. We show the evolution of the three control signals and the consequent offsets in the laser parameters in Fig. 5 , showing that they all approach zero in approximately 200 μs. The high degree of correlation between the control signals and the offsets in the laser parameters is apparent. When we vary the initial offsets of the laser parameters from their ideal values over the parameter range in which Eq. (9) remains valid, we find that the feedback approach that we have proposed remains stable.
Discussion and conclusion
To date, while CEPL lasers have revolutionized the measurement of frequencies and time, they are still for the most part laboratory instruments. They are currently too expensive for many applications, and they are often not robust, by which we mean that they require regular intervention by their users. However, the ongoing development of high-power fiber lasers and turnkey CEPL fiber laser systems appears likely to resolve these issues in the near future and enable a host of applications that require plug-and-play laser systems. For many of these applications -particularly RF-photonic applications -it would be desirable to have a 10-GHz repetition rate. It does not appear possible to achieve a fundamental repetition rate in fiber lasers that is above 500 MHz. So, it is necessary to find some way to multiply the fundamental repetition rate. It is possible to do that by using external Fabry-Perot gratings, but this approach divides the per-pulse energy by the square of the multiplication factor. It is more desirable to increase the number of pulses in the laser cavity if the spacing and phase relation between these pulses can be rigidly controlled. Fiber lasers with multiple pulses are easy to obtain [21] . As pump powers increase, it is common for a single pulse in a laser cavity to break up into multiple pulses. However, the pulses will naturally drift about and collide with each other due to noise or other perturbations. In actively modelocked lasers, the modelocking mechanism locks the pulse spacing, and it is possible to have many pulses in the cavity at once with a fixed spacing. However, the pulses are not short enough to achieve carrier-envelope phase-locking. Because the round-trip phase is unlocked, it can slip, leading to supermodes. In passively modelocked lasers, it has not been possible to rigidly lock the pulse spacing in multi-pulse lasers. In this paper, we present an approach that can solve this problem.
The key barrier to locking the pulse spacing has been the lack of a robust feedback mechanism that can fix the spacing and the phase relation. An ideal feedback signal should pass through zero at the optimal operating point with a large derivative. The 3 × 3 coupler that we are proposing produces this result. To be realizable in practice, multi-pulse solutions must arise from noise even when the laser parameters are not ideal, and the feedback system must force the laser systems towards its ideal parameter values even when the parameters are far from ideal. To demonstrate the first point, we solved the laser model computationally. The second point has been demonstrated with the help of a reduced model that we developed for this purpose and whose accuracy has been validated by comparison with numerical solutions.
In conclusion, we have presented a scheme for using an intra-cavity Mach-Zehnder interferometer, with appropriate monitor signals, to stably lock multiple pulses inside a fiber laser cavity. This approach builds on well-established carrier-envelope phase-locking technology by adding one more phase-locked loop to the system. In contrast to approaches that use external Fabry-Perot cavities to essentially filter out unwanted tones in the frequency comb, the approach presented here will in principle enhance the power output of the laser by a factor N and the power in each of the lines by a factor N 2 , where N is the number of pulses in the cavity. We have demonstrated the stability of this approach for a multi-pulse cavity by showing that a laser with large perturbations will relax back to its ideal parameter set and by showing that multiple pulses can start up from noise even when the initial parameter set is not ideal.
